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a b s t r a c t
A theory of spectra in the setting of a general 2-category C with zeros is presented.
The development closely parallels that already available in the topological setting of
based spaces but requires significant modifications due to the attenuated setting. For
example, even the existence of a suspension functor is not assumed. However, if C
does admit a suspension functor, then a stable 2-category for C can be constructed. In
the topological setting, an application of the results is made to extend the notion of
W -topology, where W is a based space, as studied in [5]. Accordingly, W-topology is
defined, whereW is a spectrum. In the construction of both the stable 2-category and the
W-topology 2-category, essential usage is made of the full image factorization of an
arbitrary 2-functor.
© 2012 Elsevier B.V. All rights reserved.
1. Introduction
In this paper, a theory of spectra in an arbitrary 2-categoryCwith zeros is developed.While the various notions of spectra
already available in the 2-categoryT op∗ of based (i.e., pointed) topological spaces (e.g. [1,8,9]) serve as a guide, the definition
of a spectrum W that we give in Definition 3.1 requires modification due to our attenuated setting. Indeed, in the case of
T op∗, a significant difference between our definition and the classical definition of spectrum is that the structuremaps εi are
required to be defined only up to homotopy (see Definition 6.1). For an arbitrary 2-category C with zeros, our Definition 3.1
is such that the spectra inC, denoted Spec(C), themselves form a 2-category. In Section 4, we define suspension spectra (see
Definition 4.1) and observe that these play an especially important role in the homotopy category HSpec(C). For example,
in Theorem 4.4, we prove that the morphism sets HSpec(C)(W,V) can be identified with direct limits when it is assumed
thatW is a suspension spectrum.
In Section 5, we assume further that C admits a suspension functorΣ in the sense of [3, Definition 1.4]. IteratingΣ leads
to an inclusion 2-functor I : C → Spec(C) that assigns to each object X in C the suspension spectrum X determined by X .
Taking the categorical full image of I leads to the stable 2-category SC and the associated stable homotopy category HSC.
In the remainder of the paper, we implement our constructions in the topological 2-category T op∗ of based spaces, based
maps, and based track classes of based homotopies. Our main interest is to show that the notion ofW -topology, whereW
is a fixed space, as introduced in [5], can be extended toW-topology, whereW is a fixed spectrum. This is shown to be the
case in Section 7. The hom sets in the associated homotopy category are denoted πW (X, Y ). These play an essential role in
forthcoming work [6] on Hopf invariants inW -topology.
2. Basic notations in a 2-category
We use [7] as a basic reference for material on 2-categories.
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As in [2], a 2-category C is said to have zeros if there exists an object ∗ such that the hom categories homC(X, ∗) and
homC(∗, X) are trivial for any object X of C. There is a unique zero 1-morphism o : X → Y for any two objects X and Y . We
denote by 1f : f ⇒ f : X → Y the identity 2-morphism on a 1-morphism f . The set of all invertible self 2-morphisms of f
will be denoted
AC(f : X → Y ) := {ξ : f ⇒ f
 ξ is invertible},
and it is a group under vertical composition of 2-morphisms. The group identity element ofAC(f ) is 1f .
Two 1-morphisms f , g : A→ B ofC are said to be homotopic if there exists an invertible 2-morphism F : f ⇒ g . Wewrite
f ≃ g , and refer to F as a homotopy. The relation≃ is an equivalence relation on the 1-morphisms of C, and it is compatible
with the composition of 1-morphisms. Hence we may form the quotient category of C by the equivalence relation ≃; this
is denoted HC, and is called the homotopy category. The morphisms of HC are homotopy classes [f ] : A → B, and there is a
projection functor C → HC. We use HC(A, B) to denote the morphism sets in HC.
3. Spectra
In this section, C is a fixed 2-category with zeros.
Definition 3.1. A spectrum W = {Wi; ξi
 i ≥ 0} in C is a sequence {Wi}i≥0 of objects of C together with invertible
2-morphisms
Wi
o
$
o
:⇓ ξi Wi+1
for each i ≥ 0.
LetW = {Wi; ξi
 i ≥ 0} and V = {Vi; ηi  i ≥ 0} be two spectra. A spectrum map α : W → V is defined by specifying
an integer N ≥ 0 and a sequence {αi : Wi → Vi}i≥N of 1-morphisms of C such that the coherence conditions αi+1ξi = ηiαi
hold for all i ≥ N . That is, the composite 2-morphisms
Wi
o
$
o
:⇓ ξi Wi+1
αi+1 / Vi+1 and Wi
αi / Vi
o
#
o
;⇓ ηi Vi+1
are equal as elements ofAC(o : Wi → Vi+1) for i ≥ N .
A 2-morphism Γ : α ⇒ β : W → V between spectrum maps α = {αi}i≥N and β = {βi}i≥K is defined by specifying an
integerM withM ≥ N, K , and a sequence of 2-morphisms {Γi : αi ⇒ βi : Wi → Vi}i≥M such that the coherence conditions
Γi+1ξi = ηiΓi hold for all i ≥ M . That is, the composite 2-morphisms
Wi
o
%
o
9⇓ ξi Wi+1
αi+1
&
βi+1
8⇓ Γi+1 Vi+1 and Wi
αi
#
βi
;⇓ Γi Vi
o
%
o
9⇓ ηi Vi+1
are equal as elements ofAC(o : Wi → Vi+1) for i ≥ M . Note that it is not required that each Γi be invertible.
The proofs of the following propositions are straightforward; they are omitted.
Proposition 3.2. If C is a 2-category with zeros, then spectra in C constitute a 2-category with zeros, denoted Spec(C). The
1-morphisms of Spec(C) are the spectrum maps and the 2-morphisms of Spec(C) are the 2-morphisms of spectrum maps as
defined above. Of course the zero spectrum has Wi = ∗ for all i ≥ 0.
Proposition 3.3. If a 2-morphism Γ : α ⇒ β : W → V between spectrum maps is invertible in Spec(C) (that is, is a
homotopy), then there exists an integer J ≥ 0 such that Γi is invertible in C for i ≥ J .
H.J. Marcum / Journal of Pure and Applied Algebra 216 (2012) 1943–1951 1945
4. Suspension spectra
LetW = {Wi; ξ
 i ≥ 0} be a spectrum in a 2-category C having zeros, and let F : f ⇒ g be a homotopy between two
1-morphisms in C. We consider the diagram:
Wi
o
$
o
:⇓ ξi Wi+1
f
"
g
<⇓ F X .
Noting that Fo = 1o, and applying the Interchange Law, we see that
f ξi = 1o + f ξi = Fo+ f ξi = gξi + Fo = gξi + 1o = gξi.
Hence it follows that for any object X in C the correspondence
[f ] : Wi+1 → X → Wi
o
$
o
:⇓ f ξi X
yields a well-defined function
ϕ : HC(Wi+1, X)→ AC(o : Wi → X). (1)
Definition 4.1. If ϕ in (1) is a bijection for all i ≥ 0 and for all objects X , then we say thatW is a suspension spectrum.
Definition 4.2. LetW = {Wi; ξi
 i ≥ 0} and V = {Vi; ηi  i ≥ 0} be spectra, and assume thatW is a suspension spectrum.
Then for each i ≥ 0 we construct a suspension morphism
E := EW,V : HC(Wi, Vi)→ HC(Wi+1, Vi+1)
in the following way. SinceW is a suspension spectrum, we know that the function
ϕ : HC(Wi+1, Vi+1)→ AC(o : Wi → Vi+1)
is a bijection. Thus, given a 1-morphism β : Wi → Vi, we may use the equation ϕ([Eβ]) = ηiβ to uniquely characterize
E(β) : Wi+1 → Vi+1 up to homotopy. Furthermore, if F : β ⇒ β ′ : Wi → Vi is a homotopy, then ηiβ = ηiβ ′. Hence
ϕ([Eβ]) = ηiβ = ηiβ ′ = ϕ([Eβ ′]),
and so [Eβ] = [Eβ ′]; that is, Eβ and Eβ ′ are homotopic. This shows that the morphism E is well defined.
Iterating E, we obtain morphisms
Ei,j := EW,Vi,j : HC(Wi, Vi)→ HC(Wj, Vj) (2)
for i ≤ j, with Ei,i being the identity morphism on HC(Wi, Vi). Note that E = Ei,i+1.
Proposition 4.3. Let α = {αi}i≥N : W → V be a spectrum map withW a suspension spectrum. Then the equality E(αi) = αi+1
is valid up to homotopy for i ≥ N. Consequently, Ei,k(αi) = αk for k ≥ i ≥ N.
Proof. The relation ϕ([αi+1]) = αi+1ξi = ηiαi holds for i ≥ N , since α is a spectrummap. Hence the relation Eαi = αi+1 for
i ≥ N follows directly from the definition of E. The last statement in the proposition holds by iteration of E. 
Theorem 4.4. IfW = {Wi; ξi
 i ≥ 0} is a suspension spectrum, then
HSpec(C)(W,V) ∼= lim−→
i≥0
{HC(Wi, Vi); E}
for any spectrum V = {Vi; ηi
 i ≥ 0}. Here, HSpec(C)(W,V) denotes a morphism set in the homotopy category associated to
Spec(C), and E : HC(Wi, Vi)→ HC(Wi+1, Vi+1) is the suspension morphism given in Definition 4.2.
Proof. Recall that the direct limit equals

i≥0
HC(Wi, Vi)/ ∼, where the equivalence relation is given by [βj] ∼ [γk] for
[βj] ∈ HC(Wj, Vj) and [γk] ∈ HC(Wk, Vk) if there exists an integer ℓ with ℓ ≥ j, k, such that Ej,ℓ(βj) = Ek,ℓ(γk) up to
homotopy. We define a function
ρ : HSpec(C)(W,V)→ lim−→
i≥0
{HC(Wi, Vi); E}
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in the following way. Let α = {αi}i≥N : W → V be a spectrummapwith homotopy class [α] ∈ HSpec(C)(W,V). We define
ρ([α]) to be the equivalence class in the direct limit represented by [αN ] ∈ HC(WN , VN). To see that this correspondence is
well defined on the homotopy class [α] of α, suppose that β = {βi}i≥K : W → V is another spectrum map and that
Γ = {Γi : αi ⇒ βi : Wi → Vi}i≥M : α ⇒ β : W → V
is a homotopy of spectrum maps. Necessarily,M ≥ N, K . SinceW is a suspension spectrum, we may apply Proposition 4.3
to each of α and β respectively to conclude that
EN,M(αN) = αM and EK ,M(βK ) = βM . (3)
Now, because Γ : α ⇒ β is a homotopy in Spec(C), ΓM : αM ⇒ βM must also be a homotopy in C. Hence [αM ] = [βM ] as
homotopy classes. This last equality, together with (3), implies that [αN ] ∼ [βK ]; that is, ρ([α]) = ρ([β]). Thus the function
ρ is well defined.
To check the surjectivity of ρ, let [f ] ∈ HC(Wn, Vn) for some n ≥ 0 be a representative of an element of the direct limit.
For i ≥ n, we set αi := En,i(f ) : Wi → Vi, noting that αn = En,n(f ) = f , since En,n is the identity morphism. Next, in view of
our definition of the αi, and recalling the definition of E, we see that the coherence conditions
ηiαi = ηiEn,i(f ) = E(En,i(f ))ξi = En,i+1(f )ξi = αi+1ξi
hold for i ≥ n. Thus α := {αi}i≥n : W → V is a spectrummap. Moreover, by the definition of ρ, ρ([α]) is the element of the
direct limit represented by [αn] = [f ], as required.
Lastly, we verify that ρ is injective. Let α = {αi}i≥N : W → V and β = {βi}i≥K : W → V be spectrummaps, and assume
that ρ([α]) = ρ([β]). Then [αN ] ∼ [βK ]. By the definition of the equivalence relation, thismeans that there exists an integer
M withM ≥ N, K , such that
EN,M(αN) = EK ,M(βK ) : WM → VM
up to homotopy. Let ΓM be such a homotopy. Now EN,M(αN) = αM and EK ,M(βK ) = βM by Proposition 4.3, since W is a
suspension spectrum. Thus ΓM is actually a homotopy ΓM : αM ⇒ βM . We consider the diagram:
WM
αM
%
βM
9⇓ ΓM VM
o
'
o
7⇓ ηM VM+1.
By an argument involving use of the Interchange Law in C, we see that
ηMΓM = ηMαM = ηMβM .
But the coherence relations αM+1ξM = ηMαM and βM+1ξM = ηMβM are valid, since α and β are spectrum maps. Also, the
function (see (1) above)
ϕ : HC(WM+1, VM+1)→ AC(o : WM → VM+1)
is a bijection, sinceW is a suspension spectrum. Thus we have
ϕ([αM+1]) = αM+1ξM = ηMαM = ηMβM = βM+1ξM = ϕ([βM+1]),
and consequently [αM+1] = [βM+1] by the bijectivity of ϕ. Therefore, there exists a homotopy ΓM+1 : αM+1 ⇒ βM+1, and it
satisfies the coherence condition ΓM+1ξM = ηMΓM , since
ΓM+1ξM = αM+1ξi = ηMαM = ηMΓM .
Moreover, we clearly may use this argument inductively to construct homotopies Γi : αi ⇒ βi for i ≥ M satisfying the
coherence conditions Γi+1ξi = ηiΓi. Therefore, setting
Γ := {Γi : αi ⇒ βi}i≥M : α ⇒ β : W → V
defines a homotopy in Spec(C); that is, [α] = [β] in HSpec(C)(W,V), and the injectivity of ρ is established. 
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5. Suspension functors and stabilization
Definition 5.1 (See [3, Definition 1.4]). LetC be a 2-category with zeros, and letΣ : C → C be a 2-functor preserving zeros.
For each object X of C let there be assigned an invertible 2-morphism
X
o
%
o
9⇓ DX ΣX
which is natural in X . Then, for each pair of objects (X, Y ), there is an induced function
ϕ : HC(ΣX, Y )→ AC(o : X → Y ),
given by
[f ] : ΣX → Y → X
o
#
o
;⇓ fDX Y .
If ϕ is a bijection for all pairs (X, Y ), then Σ is called a suspension functor . In this case, HC(ΣX, Y ) has a group structure
inherited via ϕ from the group structure ofAC(o : X → Y ). We denote this group operation on HC(ΣX, Y ) by ‘‘+’’, although
of course it need not be abelian.
Also, it will be convenient to introduce notation for the inverse of ϕ when Σ is a suspension functor. If fDX = ξ , then
we shall write f = µξ . Note that µξ is uniquely determined up to homotopy by ξ . This observation allows the inverse of ϕ,
denoted
d : AC(o : X → Y )→ HC(ΣX, Y ), (4)
to be described by
X
o
"
o
<⇓ ξ Y → [µξ ] : ΣX → Y .
In particular, the relations
µξ+η ≃ µξ + µη
µ1o ≃ o
µ−ξ ≃ −µξ
and
µsξ ≃ s ◦ µξ
µξp ≃ µξ ◦Σp,
where s : Y → Y ′ and p : X ′ → X , are valid.
Definition 5.2. For a suspension functorΣ , letΣ i+1X = Σ(Σ iX), for i ≥ 0, denote its iteration, withΣ0X = X . Setting
X := {Σ iX;DΣ iX
 i ≥ 0}
defines a spectrum called the suspension spectrum of X .
Proposition 5.3. The suspension spectrum X of X is a suspension spectrum in the sense of Definition 4.1.
Proof. BecauseΣ is a suspension functor, the function
HC(Σ i+1X, Y )
ϕ / AC(o : Σ iX → Y ) , [f ] → Σ iX
o
%
o
9⇓ fDΣ iX Y
is a bijection for all i ≥ 0 and all Y . But this is precisely the condition required for X to be a suspension spectrum. 
Proposition 5.4. For i ≥ 0, let
E := EX,Y : HC(Σ iX,Σ iY )→ HC(Σ i+1X,Σ i+1Y )
be the suspension morphism constructed in Definition 4.2. Let f : Σ iX → Σ iY be given. Then E([f ]) = [Σ f ].
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Proof. This is immediate, since the coherence condition (Σ f )DΣ iX = (DΣ iY )f holds. 
We remark that a suspension functorΣ , because it is in particular a 2-functor, may be applied to the 1-morphisms f as
well as the 2-morphisms F ofC; thus bothΣ f andΣF are well defined. Now, if f : X → Y is a 1-morphism inC, then setting
f := {Σ if }i≥0 : X → Y
defines a spectrum map. And if F : f ⇒ g : X → Y is a 2-morphism in C, then setting
F := {Σ iF : Σ iX → Σ iY }i≥0 : f ⇒ g : X → Y
defines a 2-morphism of spectrum maps. In fact, the following proposition holds, as is easily verified.
Proposition 5.5. Let C be a 2-category with zeros that admits a suspension functor Σ . Then the assignment X → X defines a
2-functor I : C → Spec(C) called the inclusion 2-functor.
In the next definition, we utilize the notion of the full image of a 2-functor, as defined for example in [6, Proposition 1.1].
Definition 5.6. The full image of the inclusion 2-functor I : C → Spec(C) of Proposition 5.5 is called the stable category
associated to C (with respect to the suspension functor Σ , of course); it is denoted SC. We recall that SC has the same
objects X as C. The 1-morphisms of SC are defined by setting
SC(X, Y ) := Spec(C)(X, Y ).
These are called stable maps from X to Y . Thus a stable map X → Y is specified by giving an integer N ≥ 0 and a sequence
α = {αi : Σ iX → Σ iY }i≥N
of 1-morphisms of C satisfying the coherence conditions
αi+1(DΣ iX ) = (DΣ iY )αi
in AC(o : Σ iX → Σ i+1Y ) for i ≥ N . The 2-morphisms of SC correspond to the 2-morphisms Γ : α ⇒ β : X → Y of
spectrum maps α and β . The homotopy category associated to SC is called the stable homotopy category and is denoted
HSC.
Thus a commutative diagram of functors
C
I∗ /
proj

I

SC
proj

J∗ / Spec(C)
proj

HC / HSC / HSpec(C)
(5)
is obtained in which the vertical arrows are canonical projection functors. The 2-functor I∗ is bijective on objects and the
functor J∗ is a fully faithful 2-functor. We observe that the functor HSC → HSpec(C) is also fully faithful.
For X , Y ∈ C we set
{X, Y } := HSC(X, Y ) = HSpec(C)(X, Y ). (6)
This consists of the stable homotopy classes of stable maps X → Y . By Theorem 4.4, we have
{X, Y } = lim−→
i≥0
{HC(Σ iX,Σ iY ); E},
where E is described in Proposition 5.4. Furthermore, for n ≥ 0, we define {X, Y }n := {ΣnX, Y } and {X, Y }−n := {X,ΣnY }.
6. The topological 2-category
We let T op∗ denote the 2-category whose objects, 1-morphisms, and 2-morphisms are based topological spaces, based
maps, and based track classes of based homotopies, respectively. We shall continue to use the notation o : X → Y to denote
a zero map in T op∗ (as in a general 2-category with zeros), but for the homotopy class of the zero map we permit ourselves
to use either o or 0 (the latter in accordance with usual practice in T op∗). The 2-morphisms in T op∗ take the form
{F} : f ⇒ g : X → Y ,
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where {F} denotes a track class with representative homotopy F : f ⇒ g . However, as is customary, we often work directly
with the topological homotopies themselves. This causes some slight conflict with notational usage in previous sections, but
is easily understood in context. Of course all 2-morphisms in T op∗ are invertible; that is, T op∗ is groupoid enriched. In the
homotopy category HT op∗, we adopt the usual notation, setting π(X, Y ) := HT op∗(X, Y). If f : X ′ → X and g : Y → Y ′
are based maps, we let f # : π(X, Y )→ π(X ′, Y ) and g# : π(X, Y )→ π(X, Y ′) denote the respective induced morphisms.
LetΣX denote the usual (reduced) suspension of a space X . There is an invertible 2-morphism
X
o
%
o
9⇓ {DX } ΣX,
where DX : X × [0, 1] → ΣX , DX (x, t) = [x, t], for x ∈ X , 0 ≤ t ≤ 1, is the defining homotopy for the suspension space
ΣX . (We use {DX } to denote the track class of the (topological) homotopy DX .) Then standard arguments show that Σ is a
suspension functor on T op∗ in the sense of Definition 4.1.
In T op∗, the group isomorphism d of (4) takes the form
AT op∗(o : X → Y ) d / π(ΣX, Y ) , X
o
$
o
:⇓ {L} Y → [µL] : ΣX → Y , (7)
where µL : ΣX → Y has the explicit formula µL[x, t] = L(x, t) for x ∈ X , 0 ≤ t ≤ 1. Furthermore, by [4, Proposition 6.1], if
maps h : X ′ → X and f : Y → Y ′ are given, then each of the squares
AT op∗ (o : X→Y )
d /
( )h

π(ΣX,Y )
(Σh)#

AT op∗ (o : X ′→Y )
d / π(ΣX ′,Y )
AT op∗ (o : X→Y )
d /
f ( )

π(ΣX,Y )
f#

AT op∗ (o : X→Y ′)
d / π(ΣX,Y ′)
(8)
is commutative. That is, the relations µL ◦Σh ≃ µLh and f ◦ µL ≃ µfL are valid for all {L} ∈ AT op∗(o : X → Y ).
Under the isomorphism d of (7), let us write εi = µξi in Definition 3.1. Then, in T op∗, Definition 3.1 takes the following
form.
Definition 6.1. In this paper, a spectrum W = {Wi; εi
 i ≥ 0} in T op∗ will consist of a sequence {Wi}i≥0 of based
spaces together with homotopy classes [εi] : ΣWi → Wi+1 for i ≥ 0. The εi are called structure maps and are defined
only up to homotopy (as required by Definition 3.1), but note that in the notation for W we customarily only indicate a
representative εi of the homotopy class. This definition differs of course from the usual topological definition of a spectrum,
inwhich the structuremaps are required tomapΣWi homeomorphically onto a subcomplex ofWi+1 (see [8, Definition 8.1]).
Consequently, the spectra that we are considering here are a weakened version of topological spectra as usually defined.
In T op∗, a spectrum map α : W → V , whereW = {Wi; εi
 i ≥ 0} and V = {Vi; ηi  i ≥ 0}, is specified by giving an
integer N ≥ 0 and a sequence α = {αi : Wi → Vi}i≥N of based maps such that the diagrams
ΣWi
Σαi /
εi

ΣVi
ηi

Wi+1
αi+1 / Vi+1
are homotopy commutative for i ≥ N . Moreover, if β = {βi : Wi → Vi}i≥K is another spectrum map, then a 2-morphism
Γ : α ⇒ β : W → V between spectrum maps is defined by giving an integer M ≥ N, K and a sequence of 2-morphisms
Γ = {{Γi} : αi ⇒ βi}i≥M such that the composite homotopies
ΣWi
εi / Wi+1
αi+1
&
βi+1
8⇓ Γi+1 Vi+1 and ΣWi
Σαi
&
Σβi
8⇓ ΣΓi ΣVi
ηi / Vi+1
are based track equivalent. That is, the equality of track classes {Γi+1εi} = {ηiΣΓi} is valid.
Proposition 6.2. Let W = {Wi; εi
 i ≥ 0} be a spectrum in T op∗. Then W is a suspension spectrum in the sense of
Definition 4.1 if and only if the induced morphism ε#i : π(Wi+1, X) → π(ΣWi, X) is a bijection for all i ≥ 0 and all based
spaces X.
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Proof. Let ϕ be as in (1) and d be as in (7), and consider the composite
π(Wi+1, X)
ϕ / AT op∗(o : Wi → X) d / π(ΣWi, X). (9)
By virtue of the relations
(d ◦ ϕ)[f ] = [µf ξi ] = f ◦ [µξi ] = f ◦ [εi]
for f : Wi+1 → X , we see that the composite (9) is just the morphism ε#i . Therefore, since d is a group isomorphism, ϕ is a
bijection if and only if ε#i is a bijection. This establishes the proposition. 
Corollary 6.3. LetW = {Wi; εi
 i ≥ 0} be a spectrum in T op∗. If each εi : ΣWi → Wi+1 is a homotopy equivalence, thenW is
a suspension spectrum in the sense of Definition 4.1. In particular, the suspension spectrum
W = {Σ iW ; idΣ i+1W
 i ≥ 0}
of a based space W is a suspension spectrum.
Definition 6.4. LetW = {Wi; εi
 i ≥ 0} be a spectrum in T op∗, and let X be a based space. We define a spectrum X ∧W by
setting (X ∧W)i := X ∧Wi for i ≥ 0. Structure mapsεi : Σ(X ∧Wi)→ X ∧Wi+1 are defined by requiring that the diagram
X ∧ΣWi X∧εi /
sh0,1

X ∧Wi+1
Σ(X ∧Wi)
εi(X)
8
(10)
be homotopy commutative. Here, the shuffle map sh0,1 is given by
sh0,1[x, [w, t]] = [[x, w], t]
for x ∈ X , w ∈ Wi and 0 ≤ t ≤ 1. Since sh0,1 is a homotopy equivalence,εi(X) is uniquely defined up to homotopy in this
way.
Proposition 6.5. LetW = {Wi; εi
 i ≥ 0} be a spectrum in T op∗, and let X be a based space. If each εi : ΣWi → Wi+1 is a
homotopy equivalence, then X ∧W is a suspension spectrum.
Proof. If εi : ΣWi → Wi+1 is a homotopy equivalence, then so is
X ∧ εi : X ∧ΣWi → X ∧Wi+1.
Hence, with reference to diagram (10), we see thatεi(X) must be a homotopy equivalence as well. Thus ,by Corollary 6.3,
X ∧W is a suspension spectrum. 
Definition 6.6. Let W = {Wi; εi
 i ≥ 0} be a spectrum in T op∗. Assume that each εi : ΣWi → Wi+1 is a homotopy
equivalence. Then, by Proposition 6.5, X ∧ W is a suspension spectrum. Accordingly, by Definition 4.2, the suspension
morphism
EW1 := EX∧W,Y∧Wi,i+1 : π(X ∧Wi, Y ∧Wi)→ π(X ∧Wi+1, Y ∧Wi+1)
is well defined. Moreover by Proposition 4.3, if f : X → Y is given, then
EW1 (f ∧Wi) = f ∧Wi+1 (11)
up to homotopy.
7. A definition ofW -topology forW a spectrum
The following proposition is readily verified.
Proposition 7.1. LetW = {Wi; εi
 i ≥ 0} be a spectrum in T op∗. Then the assignment X → X ∧W defines a 2-functor
(−) ∧W : T op∗ → Spec(T op∗).
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Next, we take the full image factorization of the 2-functor (−) ∧ W , obtaining the following commutative diagram of
functors.
T op∗
I∗ /
proj

(−)∧W

WT op∗
proj

J∗ / Spec(T op∗)
proj

HT op∗ / HWT op∗ / HSpec(T op∗)
(12)
Here, I∗ is bijective on objects and J∗ is a fully faithful 2-functor.
Definition 7.2. The 2-categoryWT op∗ occurring in (12) will be called theW-topology category. The objects ofWT op∗ are
based spaces X and a 1-morphism from X to Y inWT op∗ is a spectrum map from X ∧ W to Y ∧ W . The 2-morphisms of
WT op∗ are the usual 2-morphisms of such spectrum maps.
We set
πW (X, Y ) := HWT op∗(X ∧W, Y ∧W) (13)
for spaces X and Y , thereby obtaining theW-homotopy set from X to Y . IfW = {Wi; εi
 i ≥ 0} is a spectrum for which each
εi : ΣWi → Wi+1 is a homotopy equivalence, then it follows from Proposition 6.5 and Theorem 4.4 that we have
πW (X, Y ) = lim−→
i≥0
{π(X ∧Wi, Y ∧Wi); EW1 }, (14)
where EW1 is as described in Definition 6.6. In particular, for the suspension spectrumW of a spaceW , we have
πW (X, Y ) = lim−→
i≥0
{π(X ∧Σ iW , Y ∧Σ iW ); EW1 }, (15)
where we have written EW1 for E
W
1 .
Remark 7.3. Let S0 denote the 0-dimensional sphere. Then the spectrum X ∧ S0 is the same as the suspension spectrum X
on the space X . This is because X ∧ S i = Σ iX for i ≥ 0. (Recall that X ∧ S0 = X = Σ0X .) Consequently, the S0-topology
category and the stable category ST op∗ coincide. Note especially that
π S
0
(X, Y ) = lim−→
i≥0
{π(Σ iX,Σ iY ); E}, (16)
and that this coincides with the stable homotopy group {X, Y } in HST op∗ (see (6) above).
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